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Abstract
The study of the Banach algebra LUC(G)∗ associated to a topological group G has
been of interest in abstract harmonic analysis. In particular, several authors have studied
the topological centre Λ(LUC(G)∗) of this algebra, which is defined as the set of elements
µ ∈ LUC(G)∗ such that left multiplication by µ is w∗−w∗-continuous. In recent years
several works have appeared in which it is shown that for a locally compact group G
it is sufficient to test the continuity of the left translation by µ at just one specific
point in order to determine whether µ ∈ LUC(G)∗ belongs to Λ(LUC(G)∗). In this work
we extend some of these results to a much larger class of groups which includes many
non-locally compact groups as well as all the locally compact ones. This answers a
question raised by H.G. Dales [3]. We also obtain a corollary about the topological
centre of any subsemigroup of LUC(G)∗ containing the uniform compactification GLUC
of G. In particular, we shall prove that there are sets of just one point determining the
topological centre of the uniform compactification GLUC itself.
Keywords : Banach algebra, Topological Centre Problem, Ambitable Group, Semigroup
Compactification, Uniform Measure, Uniform Compactification, Convolution Algebra,
DTC-set.
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1 Introduction
Given a topological group G, the dual space LUC(G)∗ of the space of bounded complex-
valued left uniformly continuous functions has a natural structure of Banach algebra which
has been studied since the 1970’s. In particular, the problem of describing its topological
centre Λ(LUC(G)∗) has been studied by many authors. The question was first considered by
A. Zappa in [13] for abelian groups and for locally compact groups was completely solved
by A. T.-M. Lau in [6], where it was proved that for any such group G the topological
centre Λ(LUC(G)∗) equals the measure algebra M(G). The second author of this note in
[8] considered the topological centre problem, in the non-compact case, for L1(G)
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2 Minimal sets determining the topological centre of LUC(G)∗
the first Arens product and for its quotient LUC(G)∗ and, using a factorization theorem
similar to those appearing in [7, Satz 3.6.2] and in [9], proved that Λ(L1(G)
∗∗) = L1(G)
and that Λ(LUC(G)∗) = M(G). A similar factorization will be also used in this work. The
same problem has been studied for general (not necessarily locally compact) groups in [5]
and in [10] where it was proved that for a large class of groups — which includes all the
locally compact groups as well as many non-locally compact ones — the topological centre
Λ(LUC(G)∗) is the space of uniform measures on G.
The definition of Λ(LUC(G)∗) apparently involves a requirement on the continuity of
certain maps at every point of LUC(G)∗. However, it was proved in [2] and in [4] that for
locally compact groups it is possible to determine whether an element of LUC(G)∗ belongs to
Λ(LUC(G)∗) by testing the same type of continuity at just a few specific points of LUC(G)∗.
This led to the definition of a DTC-set (meaning a set Determining the Topological Centre),
i.e., a set with the property that it is sufficient to test continuity only at the points of this
set in order to decide whether a given element belongs to Λ(LUC(G)∗).
Several flavours of DTC-sets have been considered in the literature, differing in the type
of continuity assumed at the points of the set. Our main result deals with the DTC-sets in
the sense of Definition 1.1. We shall prove a one-point DTC-set theorem for the topological
groups that satisfy a fairly weak cardinality condition (property (†) in Theorem 3.2). This
answers a question posed in [3]. From this theorem we shall obtain as a corollary a result
about the topological centre of any subsemigroup of LUC(G)∗ that contains the uniform
compactification GLUC of G; in fact, any subsemigroup that contains GLUC \G. In particular,
we shall prove that there are one-point DTC-sets for the topological centre of the uniform
compactification GLUC of G itself, extending a similar result given in [2].
We start by introducing the basic notation and terminology used throughout the note.
Let G be a topological group, here always assumed to be Hausdorff, with identity e.
Given a function f : G −→ X (where X can be any range) and x∈G, the left translate of f
by x is the function Lxf defined by Lxf(y) = f(xy) for y∈G.
We denote by RP(G) the set of all right-invariant continuous pseudometrics on G. From
now on we denote by G not only the group with its topology but also the uniform space
on the set G induced by RP(G); since we do not consider here any other uniform structures
on G, this notation will not lead to any ambiguity. Then LUC(G) is the space of bounded
complex-valued uniformly continuous functions on G with the sup norm.
Given ν ∈ LUC(G)∗ and f ∈ LUC(G) the function ν • f , defined by
(ν • f)(x) := 〈ν, Lxf〉 (x ∈ G),
is in LUC(G) (see for example [1]), i.e. LUC(G) is left introverted.
This operation induces the convolution operation on LUC(G)∗, defined by
〈µ ⋆ ν, f〉 := 〈µ, ν • f〉 (µ, ν ∈ LUC(G)∗, f ∈ LUC(G)),
which turns LUC(G)∗ into a Banach algebra and LUC(G) into a left LUC(G)∗-module.
If we denote by δ(x) the point evaluation at x (x ∈ G) and consider the w∗-closure of
δ[G] in LUC(G)∗, then it can be proved (see for example [1]) that this set with the induced
product is a semigroup compactification of G which topologically coincides with the uniform
compactification of the uniform space G. This compactification, denoted here by GLUC,
coincides with the spectrum of the C∗-algebra LUC(G). In the locally compact case this is
the largest semigroup compactification of G, meaning that every other compactification is
its quotient. For a general topological group G the space GLUC is the greatest ambit G, i.e.
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the greatest G-flow with a point whose orbit is dense. In the sequel we identify G with its
image δ[G] in GLUC, so that G ⊆ GLUC ⊆ LUC(G)∗. More on the subject can be found in [1]
and in [12].
Definition 1.1. Let S be a subsemigroup of LUC(G)∗ with the convolution operation and
the w∗-topology. For D ⊆ S write
Cont(S,D) := {µ ∈ S : ∀ ν0∈D the mapping ν 7→ µ ⋆ ν on S is continuous at ν0}
The topological centre of S is Λ(S) := Cont(S, S). The set D is said to be a DTC-set for S
iff Λ(S) = Cont(S,D).
In the literature Λ(LUC(G)∗) is often denoted by Zt(LUC(G)
∗). Note that DTC-sets are
interesting only when the group G is not precompact: If G is precompact then Λ(S) = S for
every subsemigroup of LUC(G)∗, and thus every subset of S is a DTC-set.
In this paper we deal only with the DTC-sets of Definition 1.1. However, other variants
of the DTC-set notion are also of interest. In particular, for D ⊆ S ∩ GLUC, if we let
ContG(S,D) := {µ∈S :
∀ ν0∈D the mapping ν 7→ µ ⋆ ν on (S ∩ G) ∪ {ν0} is continuous at ν0},
then the condition Λ(S) = ContG(S,D) is stronger (more restrictive) than the condition
Λ(S) = Cont(S,D) in Definition 1.1. As is explained in [2, sec.2] and [4, Ch.12], if G is any
non-compact locally compact abelian group then Λ(LUC(G)∗) 6= ContG(LUC(G)
∗, {ν}) for
every ν∈GLUC but there exists ν0∈G
LUC such that Λ(LUC(G)∗) = Cont(LUC(G)∗, {ν0}).
For any ∆ ∈ RP(G) we define
BLipb
+(∆) := {f : G −→ [0, 1] : |f(x)− f(y)| ≤ ∆(x, y) for all x, y ∈ G},
B(∆) := {x ∈ G : ∆(e, x) < 1}.
It is known that for a large class of topological groups Λ(LUC(G)∗) coincides with the
space Mu(G) of uniform measures on the uniform space G. One of several equivalent defini-
tions of Mu(G) is that a functional µ ∈ LUC(G)
∗ is in Mu(G) if and only if it is G-pointwise
continuous on BLipb
+(∆) for every ∆ ∈ RP(G). When G is locally compact, Mu(G) can be
identified with the space of finite Radon measures on G ([11, sec.7.3]). More about uniform
measures, with references to original sources, may be found in [11].
The key step in proving our results will be a factorization theorem which has its roots
in [7, Satz 3.6.2] and that was later generalized in a number of ways by many authors
considering problems related to topological centres (see for example [2], [5], [9] and [10]).
The next section is devoted just to proving the appropriate version of the theorem which
we shall need in order to prove our main result.
2 The factorization theorem
We start the section by defining some cardinal numbers associated to topological groups
which will be needed in order to state our results.
Definition 2.1. We say that a topological group G is κ-bounded , where κ is an infinite
cardinal, if and only if for every neighbourhood U of the identity in G there is a set A ⊆ G
with |A| ≤ κ such that G = UA. This is equivalent to saying that for every ∆ ∈ RP(G)
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there is a set A ⊆ G with |A| ≤ κ such that G = B(∆)A. We denote by BG the least infinite
cardinal for which G is κ-bounded.
Given ∆ ∈ RP(G) we denote by η♯(∆) the least (finite or infinite) cardinal κ for which
there exists a subset A ⊆ G of cardinality κ and such that G = B(∆)A and we denote by
η(∆) the least cardinal number κ such that there exists a set A ⊆ G with |A| ≤ κ and a
finite set K ⊆ G such that G = KB(∆)A.
We are ready to state and prove the factorization theorem.
Theorem 2.2. Let G be a topological group and let ∆1 ∈ RP(G) with η(∆1) = BG, then
there exists a family
{νψ ∈ G
LUC \ G : ψ ∈BG}
such that for every ∆ ∈ RP(G) such that ∆ ≥ ∆1 and for every family
{hψ ∈ BLipb
+(∆) : ψ ∈ BG}
there is h ∈ BLipb
+(2∆) for which
hψ = νψ • h for all ψ ∈ BG .
Proof. By [10, Lemma 7], G has a ∆1-dense subset D of cardinality BG . Denote by Pf (D)
the set of all finite subsets of D and set A := BG × Pf (D).
By [10, Lemma 8] there are x(ψ,K)∈G for (ψ,K)∈A such that ∆1(Kx(ψ,K), Lx(ϕ,L)) > 1
whenever (ψ,K) 6= (ϕ,L) are elements of A.
For every ψ ∈ BG let νψ be a cluster point of the net (x(ψ,K))K∈Pf (D), where Pf (D) is
ordered by reversed inclusion.
Define a real-valued function uK in the variable x ∈ G for every K ∈ Pf (D) by:
uK(x) := (1− 2∆1(x,K))
+.
Then we have that uK ∈ BLipb
+(2∆1) and that lim
K
uK = 1 pointwise.
Now take any ∆ ∈ RP(G) with ∆ ≥ ∆1 and a family of functions {hψ ∈ BLipb
+(∆) :
ψ ∈ BG}. For every x ∈ G there is at most one (ψ,K) ∈ A such that uK(xx
−1
(ψ,K)
) 6= 0. We
can then define
h(x) := sup{hψ(xx
−1
(ψ,K)) ∧ uK(xx
−1
(ψ,K)) : (ψ,K) ∈ A}
and we have that h ∈ BLipb
+(2∆). Take x ∈ G and ψ ∈ BG . By density, there is y ∈ D with
∆1(x, y) ≤
1
2 . For every K ∈ Pf (D) with y ∈ K we have that hψ(x)∧uK(x) = h(xx(ψ,K)) =
x(ψ,K) • h(x), hence
hψ(x) = lim
K
hψ(x) ∧ uK(x) = lim
K
x(ψ,K) • h(x).
By [10, Lemma 19] the mapping ν 7→ ν • h is continuous from GLUC to BLipb
+(∆) with the
G-pointwise topology, hence hψ(x) = νψ • h(x). Finally, νψ /∈ G because from νψ ∈ G we
would get a contradiction by choosing hψ = 0 and hϕ = 1 for ψ 6= ϕ.
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3 DTC-sets for Λ(LUC(G)∗) and Λ(GLUC)
We are finally ready to give the main results of this note. We begin with a technical lemma.
Lemma 3.1. Let G be a κ-bounded topological group (where κ is an infinite cardinal). The
following properties of a functional µ ∈ LUC(G)∗ are equivalent:
(i) µ ∈ Mu(G).
(ii) If ∆ ∈ RP(G) and (hψ)ψ∈Ψ(κ) is a net in BLipb
+(∆) indexed by the set Ψ(κ) :=
Pf (κ)×ω (ordered by (K, i) ≤ (L, j) if and only if K ⊆ L and i ≤ j) which converges
pointwise to 0, then 0 is a cluster point of the net (µ(hψ))ψ.
(iii) The restriction of µ to BLipb
+(∆) is G-pointwise continuous at 0 ∈ BLipb
+(∆) for
every ∆ ∈ RP(G).
Proof. Evidently, (i) implies (ii).
To prove that (ii) implies (iii), take any µ that does not have the property stated in
(iii). There is ∆ ∈ RP(G) for which the restriction of µ to BLipb
+(∆) is not G-pointwise
continuous at 0. By [10, Lemma 7], G has a ∆-dense subset D with cardinality smaller or
equal than κ. Fix a surjection α : κ −→ D. For every ψ = (K, i) ∈ Ψ(κ) let Uψ be the
D-pointwise neighbourhood
{f ∈ BLipb
+(∆) : f(α(x)) <
1
i+ 1
for every x ∈ K}
of 0 in BLipb
+(∆). There is ε > 0 such that for every ψ ∈ Ψ(κ) there is hψ ∈ Uψ for which
|µ(hψ)| > ε. Since the G-pointwise and the D-pointwise topology coincide on BLipb
+(∆),
the net (hψ)ψ converges G-pointwise to 0. Hence µ does not have property (ii).
In order to prove that (iii) implies (i) take any net (fγ)γ in BLipb
+(∆) converging G-
pointwise to a function f ∈ BLipb
+(∆). Then the functions (fγ − f)
+ and (fγ − f)
− are in
2BLipb
+(∆) and converge G-pointwise to 0.
We are ready to state the main result of this paper, answering the question raised in [3].
Theorem 3.2. Let G be a topological group with the following property:
(†) There exists ∆0 ∈ RP(G) such that η
♯(∆0) = BG.
Then there are ν ∈ GLUC \ G and a net (νγ)γ∈Γ in G
LUC \ G such that:
(1.) lim
γ∈Γ
νγ = ν, with the limit taken in G
LUC; and
(2.) if µ ∈ LUC(G)∗ and w∗−lim
γ∈Γ
µ ⋆ νγ = µ ⋆ ν then µ ∈ Mu(G).
Proof. Since G has property (†), by [10, Theorem 5] there is ∆1 ∈ RP(G) such that η(∆1) =
BG . Write Ψ := Pf (BG)× ω and note that |Ψ| = |BG |. Let {νψ ∈ G
LUC \ G : ψ ∈ Ψ} be as
in Theorem 2.2 with Ψ in place of BG . The net (νψ)ψ has a subnet (νγ)γ converging to a
limit ν ∈ GLUC.
Take any µ ∈ LUC(G)∗ such that w∗−limγ µ⋆νγ = µ⋆ν in LUC(G)
∗. Take any ∆ ∈ RP(G)
and a net (hψ)ψ in BLipb
+(∆) indexed by Ψ and converging pointwise to 0. By Theorem
2.2 there is h ∈ BLipb
+(2∆) such that hψ = νψ • h for all ψ ∈ Ψ. By [10, Lemma 19], the
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mapping ν 7→ ν • h is continuous from GLUC to BLipb
+(2∆) with the G-pointwise topology,
hence ν • h = 0.
Since
lim
γ
µ(νγ • h) = lim
γ
µ ⋆ νγ(h) = µ ⋆ ν(h) = µ(ν • h) = 0
and (µ(νγ • h)}γ is a subnet of (µ(hψ))ψ, we have that 0 is a cluster point of this last net
and so µ ∈ Mu(G) by Lemma 3.1.
Note that if G is precompact then η♯(∆) is finite for every ∆ ∈ RP(G) and it is known
that in this case Λ(LUC(G)∗) = Mu(G). Thus property (†) implies that G is not precompact.
As a direct corollary to Theorem 3.2 we obtain the following result.
Corollary 3.3. Let G be a topological group with property (†), and let S be a subsemigroup
of LUC(G)∗ such that S ⊇ GLUC \ G. Then there exists ν0 ∈ S such that
Λ(S) = Mu(G) ∩ S = {µ ∈ S : the mapping ν 7→ µ ⋆ ν on S is continuous at ν0}.
Proof. By [5, Prop. 4.2] or [11, Cor. 9.36] we have Mu(G)∩S ⊆ Λ(S). By Theorem 3.2 there
exists ν0 ∈ S such that Cont(S, {ν0}) ⊆ Mu(G)∩S, and obviously Λ(S) ⊆ Cont(S, {ν0}).
Thus, for any G with property (†), any subsemigroup S of LUC(G)∗ containing GLUC \ G
has a one-point DTC-set.
It is easy to see that every non-compact locally compact group has property (†): Simply
take any ∆0 ∈ RP(G) such that B(∆0) is relatively compact. Thus Theorem 3.2 and its
corollary generalize the recent results of Budak, Is¸ik and Pym [2], who proved the same for
non-compact locally compact groups, and therefore the existence of one-point DTC-sets for
LUC(G)∗ and for GLUC for such groups.
Many other (not necessarily locally compact) groups also have property (†): From the
definition, if BG = ℵ0 and G is not precompact then G has property (†); and if BG is a
successor cardinal then G has property (†).
It is an open problem whether the property (†) may be omitted in Theorem 3.2 or in its
corollary (for non-precompact topological groups).
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